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1. (20 marks)

(a) (5 marks) Determine the intervals on which the following function is concave up
or concave down:

F(w):/ te' dt.
0

Solution: In order to find the intervals on which the function is concave up
or concave down, we want to find inflection points. So, first we need the first
derivative using the Fundamental Theorem of Calculus Part I, and the second

derivative:
dF -
— =uxe
dx ’
d*F “(1 4+ 2)
— =e x).
dx?
The second derivative is zero only for x = —1. Testing the sign of the second

derivative on each subintervals, we get:

d’F

9% |a=—2= —e7?). So, the function

e On (—oo0,—1): CCI;TI; < 0 (for example,
is concave down.

d’F

e On (—1,00): d% > 0 (for example, %5 |.—o= 1). So, the function is

d
concave up.

(b) (5 marks)
(¢) (5 marks) Find the definite integral:

w/2
/ sin’(z) da.

—7/2

Solution: First, note that f(x) = sin”(z) is an odd function, because:
f(—x) =sin”(—z) = (—sin(z))" = —sin’(z) = — f(2).

Then, since for odd functions, [ f(z)dz = 0, we get that fl/jz sin”(z) dz = 0.
Remark: You can also solve this by substitution with u = cos(x) and du =
sin(x) dzx, but it will be long and somewhat tedious. We can just make use of
symmetry when we can to save time.
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(d) (5 marks) Compute the Right Riemann sum for f(z) = sin®(z) on the interval
[0, 7] using n = 6 equal subintervals. Simplify the answer.

Solution: We have a =0, b = 7, and n = 6. So, Ax = b_T“ = /6. For Right
Riemann sum, we have:

k
x,j:a—l—kAx:%.

Thus, The Right Riemann sum for f(z) = sin®(z) on [0, 7] using n = 6 equal
subintervals is:

Ax(f(ar) + fw3) + fx3) + f(2) + f(25) + f(x5))
T o Lo (T Lo (T .o (2T o (T . 9
8 (sm (E) + sin <§> + sin §> + sin (;) + sin <56> + sin (7?))

S (U VIS I PR )
6 \4 4 4 4 27

(e) (5 marks) Find the definite integral
0
/ e du.

Solution: This is an improper integral on unbounded interval, and

0 0
/ e dr = lim e dx.
—60 a—r— 00 a

Use substitution with v = 3z, we get du = 3dx. So,
3x

/e?’xdx—/%dU—%—i-C—%—i-C’.

So,

0 3z 1 3a
. : . . e 1
lim e dr = lim — %= lim - — — = -,
a——o0 J, a——o00 3 a——00 3 3
since as a — —o0, then 3a — —oo, and €3¢ — 0F. Thus, the limit exists, and

the improper integral converges to %

2. (10 marks) Let f(x) = 2® — cos(x) on [—, 7.
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(a) (5 marks) Compute an approximation of [*_ f(z)dz using Simpson’s Rule with
n = 4 equal subintervals. Simplify the answer.

Solution: So, a = —7, b=, f(z) =2®—cos(z),n =4 and Az = =% = 7/2.
Using ;. = a + kAx, the five grid points are:
xg=-m, x1=-7/2, x9=0, x3=7/2, wz4=r.
Then,
Az
Sy = T(f(xo) +4f(z1) +2f(22) + 4 (23) + f(74))
3 _ 3
—_ (—m® — cos(—m)) + 4(—7T— — oS —ﬂ) +2(0 —cos0) + 4(7T— — oS E) + (7® — cos T
6 8 2 8 2
v T
~T1+2-1="L,
6( * ) 3

)

(b) (5 marks) Find an upper bound of the error for the approximation in part (a).

Solution: First, we find the derivatives:
f'(z) = 32 +sin(x), f'(x) =6z +cos(x), f"(xr)=6—sin(z), [fW(z)=—cos(x).

So, |f®(z)| = cos(z) and since —1 < cos(z) < 1 for any value x, we may
choose K = 1. Then,

K(b— a)Az? ™

B, < = .
= 180 180(8)

3. (10 marks) Evaluate the indefinite integral:

/cos(ln x)d.

Solution: First, we use substitution with ¢ = Inx (equivalently, x = €'), then
dt = df since we have a composite function. So, drz = x dt = €' dt, and

/cos(lnx) dx = /et cost dt.
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Using integration by parts with u = €', dv = cos(t) dt, du = €' dt, and v = sin(t),
we get:

/et costdt = e'sin(t) — /et sin(t) dt.

For the remaining integral, using integration by parts again with u; = e!, dv; =
sin(t) dt, duy = e' dt, and v; = — cos(t), we get:

/et sintdt = —e’ cos(t) + /et cos(t) dt.
So,

/et costdt = e'sin(t) — /et sin(t) dt = e'sint + e’ cos(t) — /et cos(t) dt

t s t
= Q/et costdt = e'sin(t) + €' cos(t) + C = /et cos(t) dt = ¢'sin(t) —; ¢’ cos(t) +C.

Replacing with ¢ = Inx and simplifying we get:

/COS(IH[E) dp — xsin(In x) —|2— x cos(In ) )
4. (10 marks) Solve the initial value problem:

dy _ ty’

Y _ , 0) = —1.

I y(0)

Express the answer in its explicit form.
Solution: We have:
dy ty? dy t

= & dt
dt - Vi+ oy V1442
Next, we want to integrate each side with respect to the respective variables. The
left hand side yields:

1
-3
dy=——+C.
/ o 2y? "
?(})f the integral [ \/ﬁ dt, we use substitution with z = 1 + t* and dz = 2t dt.
en,

t —-1/2
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So, —# =+v1+t2+ C. To find C, we use the initial condition y(0) = —1, and
get:

1
—5=VI+0+C=C=-3/2

So, the solution to the initial value problem in its implicit form is:

1
=1+ 8232
212

1
2
Y S,
. 1
Y 3—2v1+t2
y== ! .
V3 —=2vV1+1t2

1

Since y(0) = —1, the explicit form of the solution is y = ————=—.
3—2v/T+
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